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Suppose p C B? isa quasiorder. We depict pairs in p as ‘lines’ €p

a
b

a-b 92
Let p2 to be the set of all L €B such that IS
c —

p

o —=2

Q— S

ac
bd
In general, let p, € B?" be the set of all labeled hypercubes in which every edge
determines a p-pair.

We thelrefore hav26 a sequence of sets of functions
prQ ) P2 gBQ ~~'7pngBQn>

The transitivity of p implies that this collection of functions is closed under vari-
able identification.

1
b

-2 |©

<+

f@ayep Of

fla,y)ep O
1 11d

N
p

Aside: It’s easy to see that this sequence of sets of functions is also closed
under permutations of variables and the addition of dummy variables.




Suppose that trly (f) > p. We want to see that f > p.

Take f € BE® (for example) and pairs (aj,b1), (as, ba), (a3, bs) € p. We want to
show that (f(a1,a2,as3), f(b1,b2,b3)) €

Each of the following belongs to ps:

a 1 b1
a 1 b1 b 2 b o b 3 b 3
<~» ‘ a 2<~» as a ;+ asg ‘
\a, | \bl \a o a 5 \b3 b3

Moreover, each line with the same position is labeled by an equality pair for two
of the three cubes, hence the following belongs to p3:

(11 b1 flay, b2, a3) —f(by, b2, a3)
~ ~
(l] bl bz 1)2 b; bg ‘ f(alsb27b3)}>f(b17b27b3)
f( <~» ‘ aera) (1;+(1; ) f(ahaz:as)Ff(bhazvaa)
~ ~
(11 l)1 o as 3 b3 f(ay,az,b3) f(b1,as,b3)

Call the above labeled cube g(i1,42,43). Identifying variables, we obtain g(i1,41,%1) € p.




The following is a particular way of viewing this result:

Each part of the minion is defined by the prop-
erty that any unary function obtained by eval-
uating some variables with constants belongs to

Special ~ minion %\
M with domain

2 and range X pC B2 p2 C B2 ps3 C B2 ... pn C B2" .o
determined by
quasiorder p:

Pol(M) Pol;(p) € BB Poly(p) C BB« -+ Pol,(p) CBE" .-

T

This property is inherited by the polymoprhism
clone, that is, f € Pol(M) if and only if
trl; (f) € Poly(M).

This behavior is a special case of the more general situation.
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Definition
Let f : BA" be a function. For 1 < d, we say a function g € BA” is
a d-translation of f if

_ 1 1 2 2 1+1 I+1
g(x1,- -, xg) = F(Cry ooy ey Xus €Ly -+ Cloys Xug 15+ -+ € v Gl
—_—————
constants constants constants

1+2 142

Xutls 6 ey ck/+2)

—_——

constants

for some 1 < u < u+ /< d and constants evaluated at other
inputs. Set

trly(f) = {g : g is a d-translation of f}

and for p C BA"

trlg() = [ J{trla(f) : f € o}.



Definitions



Definitions

Definition
Let o C BAY. We say that o is internally reflexive if trlg(o) C o.



Definitions

Definition

Let 0 C BAY. We say that o is internally reflexive if trlg(0) C o.
(Notice that o C trly(p), because every function in g is trivially a
d-translation of itself.)



Definitions

Definition

Let 0 C BAY. We say that o is internally reflexive if trlg(0) C o.
(Notice that o C trly(p), because every function in g is trivially a
d-translation of itself.)



Definitions

Definition

Let 0 C BAY. We say that o is internally reflexive if trlg(0) C o.
(Notice that o C trly(p), because every function in g is trivially a
d-translation of itself.)

> Set 0, = {f C BA" : trly(f) C o} for 1 < n.



Definitions

Definition
Let 0 C BAY. We say that o is internally reflexive if trlg(0) C o.
(Notice that o C trly(p), because every function in g is trivially a
d-translation of itself.)
> Set 0, = {f C BA" : trly(f) C o} for 1 < n.
*

» This defines a sequence of sets of functions which we call o*:

1 2 d n
glgBA,QQQBA,...,g:QdQBA ,...,Q,,QBA yen
N———

original relation



Definitions

Definition
Let o C BAY. We say that g is internally reflexive if trly(0) C .
(Notice that o C trly(p), because every function in g is trivially a
d-translation of itself.)
> Set 0, = {f C BA" : trly(f) C o} for 1 < n.
*

» This defines a sequence of sets of functions which we call o*:
1 2 d n
01 C BA ,02 C BA ,...,0=04 C BA yeuey0n C BA yen
————

original relation

» If the above sequence is closed under identification of
variables, we say that o is transitive.



Definitions

Definition

Let o C BAY. We say that g is internally reflexive if trly(0) C .
(Notice that o C trly(p), because every function in g is trivially a
d-translation of itself.)

> Set 0, = {f C BA" : trly(f) C o} for 1 < n.

» This defines a sequence of sets of functions which we call o*:

1 2 d n
glgBA,QQQBA,...,g:QdQBA ,...,Q,,QBA yen
N———

original relation

» If the above sequence is closed under identification of
variables, we say that g is transitive. (Actually, one can define
transitivity locally: p is transitive if identification of two
variables of every function g € o441 belongs to )



Definitions

Definition

Let o C BAY. We say that g is internally reflexive if trly(0) C .
(Notice that o C trly(p), because every function in g is trivially a
d-translation of itself.)

> Set 0, = {f C BA" : trly(f) C o} for 1 < n.

» This defines a sequence of sets of functions which we call o*:

1 2 d n
glgBA,QQQBA,...,g:QdQBA ,...,Q,,QBA yen
N———

original relation

» If the above sequence is closed under identification of
variables, we say that g is transitive. (Actually, one can define
transitivity locally: p is transitive if identification of two
variables of every function g € o441 belongs to )

» If o is both internally reflexive and transitive, then we call o
an elementary type d-dimensional generalized quasiorder.



Some pictures to provide intuition for the definitions:

9(2,0) — g(2.1) — g(2,2) g(2,1) — g(2,1) — g(2,1) 9(0,1) — g(1,1) — g(2,1)
9(1,0) — g(1,1) — g(1,2) g(1,1) — g(1,1) — g(1,1) 9(0,1) — g(1,1) — g(2,1)
9(0,0) — g(0,1) — g(0,2) g(0,1) — g(0,1) — g(0,1) g(0,1) — g(1,1) — g(2,1)
. A2 N CN
glin,is) €EpC B flia,ia) = g(in, 1) h(iy,iz) = g(i2, 1)

\/

These also belong to p if p is internally reflexive.

Transitivity means that if a ternary
function has all ’slices’ belonging to
p, then the diagonal also belongs to

p.
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Remark

Internally reflexive is weaker than the usual notion of reflexivity.
Reflexivity is defined with respect to an underlying set, while
internal reflexivity only references the functions in a relation. For
example, the relation {(0,0)} C {0,1}? is an internally reflexive
binary relation, but is not reflexive. In what follows we assume
all relations o C AB? cover their range:

Va e B(3f € o(3ct,...,cqg € B(f(ca,...,cq) = a)))

Therefore in what follows every internally reflexive relation contains
every constant tuple.

Proposition
Let o C BA? be an elementary type d-dimensional GQuord. Then
o satisfies the property =4: for every 1 > n and f € BE",

fo < trlg(f) > o
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Proof sketch (d = 3,n = 4).

If f > o, then the reflexivity of ¢ implies that tri3(f) > 0. On the
other hand, suppose trl3(f) > 0. Given

a(il, i, i3), b(il, i, ig), C(il, i, i3), d(il, i, i3) € o0, we want to show

f (a(i1, io, i3), b(i1, iz, 13), c(i1, 2, 3), d(i1, 2, 13)) € .

Notice that

f(a(it, i3, ), (2,33, 3), c(if. 3, 13), d(if, i3, 1)) € 00 € BY,
because any way of substituting at least 9 constants above
produces an element of trl3(f). For example, for constants

rn,...,n:
- - . 3
f (3('%,&7'%)7 b(i3, ra, 13), c(ra, 15, 16), d(r7, 18, f9)> coCBA

Now we can apply the transitivity assumption and identify
variables:

f(a(it.i2,i3), b(it, i3, 13), c(i iy, i3), d(it, 13 75)) € 0 € B”



This generalizes what we showed for quasiorders:

Collection of
functions p*
with domain A
and range B

for all a € py,.

pn is the set of all a € BA" such that trly(a) C p

/N

determined by p C BAY ... pa=pC BAY « o pn C BA” e

quasiorder p:

Pol(p) = Poly(p)*  Poly(p) C BE' +« + Poly(p) C BB+« + Pol,(p) C BEB" ~ -

\/'

This property is inherited by the polymoprhism
clone, that is, f € Pol(p) if and only if trly(f) €

POld(p).
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Remark
d
Note that for any o C BA° we can form the sequence

01,02,-.-,0d-1,0,0d+15---,0ny---

Call this sequence po*. If A= B, we can ask: when is po* a clone?
The answer is exactly when g is a (d)-dimensional elementary type
generalized quasiorder that is equal to the d-ary operations of a
clone.

» So, for a polynomial clone C, we can define the generalized

quasiorder dimension of C as the least d such that C = (C4)*
(set this dimension to oo if such a d does not exist).
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Examples

» On the two element domain {0, 1} there are four one
dimensional quasiorders of arity 2:

A= {(0> 0)’ (17 1)}
=AU{(1,0)}
=AU{(0,1)}

V=0Up

» Only 0> and V contain the projection operation. In the case
of 02, we have:

(02)" = Clo(({0, 1}: A, V,0,1))
0—1 1—1
=] |wv=| |e(e
0—20 0—1

» Obviously, we have in the case of V:

(V)" =Clo(({0,1}; A, V,—,0,1))
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Examples

> Neither A or p; contain the projection operation, hence
neither (01)* or (A)* is a clone. For example,

0—0
IR
1—0

» On the other hand, we know that both clones Pol(A) and
Pol(01) have dimension 1, hence each is equal to one of the
two clones from earlier. In this case:

Pol(01) = Clo(({0,1}; A, V,0,1))
Pol(A) = Clo(({0,1}; A, V,—,0,1)).
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maximal clone of linear functions £ on a two element set.



Examples

> Let

y
y
X

— W
‘ 6222:x+y+z+WEO mod 2
—Z

P [t is easy to show that g; is a two-dimensional elementary
type generalized quasiorder. It also contains all projection
operations, hence (o,)* is a clone. In this case, it is the
maximal clone of linear functions £ on a two element set.

» L contains every unary function, hence £ # (£1)*



Examples

> Let

y
y
X

— W
‘ 6222:x+y+z+WEO mod 2
—Z

P [t is easy to show that g; is a two-dimensional elementary
type generalized quasiorder. It also contains all projection
operations, hence (o,)* is a clone. In this case, it is the
maximal clone of linear functions £ on a two element set.

» L contains every unary function, hence £ # (£1)*

» Therefore, £ is a (2)-dimensional clone.



Examples

>

v

Let

y
o= |
X

— W
‘ 62222X+y+Z+WEO mod 2
—Z

It is easy to show that g; is a two-dimensional elementary
type generalized quasiorder. It also contains all projection
operations, hence (o,)* is a clone. In this case, it is the
maximal clone of linear functions £ on a two element set.
L1 contains every unary function, hence £ # (£1)*
Therefore, L is a (2)-dimensional clone.

The other 3 polynomial clones on {0, 1} are also
(2)-dimensional.
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Examples

P> There exist clones that do not have finite generalized
quasiorder dimension.

> Let o = {(0,0),(1,1),(2,2),(0,1),(1,2)} and let C = Pol(o).
» There does not exist d such that C = (Cy)*.
> Let

0 ifxg+-+x401<d+1
f(Xl,...,Xd+1): 2 ifX1:~--:Xd+1:2

1 otherwise.

» Can show that f € (C4)*, but f(x,x,...,x) is not.
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to see that all of the operations in C = Clo(A3) have at most
two essential variables.
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Examples

v

For every d, there exists a polynomial clone of generalized
quasiorder dimension (d).

For example, let Ay = ({0,1,2,3};2x1x,0,1,2,3). It is easy
to see that all of the operations in C = Clo(A3) have at most
two essential variables.

Therefore, C # (C2)*, because the operation 2x3xx3 € (C2)*.
On the other hand, C = (C3)*, so C has dimension (3).

In general, the algebra Ay = ({0,1,2,3};2xy...x4,0,1,2,3)
determines a clone with dimension d + 1.
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Elementary type vs. compound type

» There are many examples of compound type generalized
quasiorders which come from higher commutator theory.

» For example, let A be a Maltsev algebra and «, 8 € Con(A).
Set M(a, 3) to be

X—1Y y—yY
Sg 2 ‘ ‘ {x,y) €ap U ‘ ‘ {x,y) €p
X—0Y X — X
The commutator can then be defined as
X—Y
0] = { (x)  M(a.5)
X —X



Elementary type vs. compound type

>

>

There are many examples of compound type generalized
quasiorders which come from higher commutator theory.

For example, let A be a Maltsev algebra and «, 8 € Con(A).
Set M(a, 3) to be

—Yy y—yY
Seuz (1| | vearul | | iyes
—Yy X —X
The commutator can then be defined as
X—Y
[ov, 8] = {<x il e M(a,ﬂ)}
X —X

It's easy to show that M(a, ) is a compound type
(2)-dimensional generalized quasiorder. Furthermore, if
a # (3, then M(«, B) is not elementary type.
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P There also exist elementary type generalized quasiorders that
are not compound type. Let B = {a, b, c}.
y—u
22 . .
0= ‘ ‘EB cx=uory=zimplesx=y=u=z

X—2Zz

» o is not a compound type GQuord, as witnessed by the
following two elements:

(9]
o —0o

P o is elementary type, because any way of filling in the
following cube so that all faces belong to o forces a = b.

‘ +a c B
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» The condition that a variety V is congruence
meet-semidistributive is equivalent to the condition that the
commutator is neutral for all congruences across the variety.
This is equivalent to the collapse of certain intervals in higher
dimensional congruence lattices. Which analogous intervals
collapse in generalized quasiorder lattices for congruence
meet-semidistributive varieties?



Some Questions

» Classify all generalized quasiorders on a (2)-element domain
(already completed for some low-dimension cases). We hope
this will give some insight into beginning work on the
(3)-element domain.

» The condition that a variety V is congruence
meet-semidistributive is equivalent to the condition that the
commutator is neutral for all congruences across the variety.
This is equivalent to the collapse of certain intervals in higher
dimensional congruence lattices. Which analogous intervals
collapse in generalized quasiorder lattices for congruence
meet-semidistributive varieties?

> We hope to eventually apply this theory to say something
about the lattice of clones on a finite set. For any clone C,
there is an infinite descending chain of clones
Pol( GQuord™® (C)) > --- > Pol( GQuord™ (C)) >--- >
S——r N——

(1)-dimensional (n)-dimensional



Thank you for your attention!



